Introduction {#Sec1}
============

Understanding the structure of financial markets is of obvious relevance for traders, investors and regulators. Among others, the relation between trading activity and price variability received a lot of attention in the financial literature over the last five decades. The pioneers of this field, e.g. Clark \[[@CR9]\], Epps and Epps \[[@CR14]\] and Tauchen and Pitts \[[@CR30]\], defined trading activity via trading volume and derived a proportionality relation between the trading volume and the price variability. The rationale behind this definition and the implied relation is the widely-cited aphorism, "it takes volume to move prices". We refer to Karpoff \[[@CR17]\] for a survey of these early works on the *price--volume relation*.

Due to minor empirical evidence for the hypotheses developed in these early approaches, the volume-based definition of trading activity has been replaced by the number of trades. This definition is caused by a substantial link between the observed price variability and the number of trades (see Jones et al. \[[@CR16]\], Ané and Geman \[[@CR4]\] as well as Dufour and Engle \[[@CR12]\]). For example, Jones et al. \[[@CR16]\] find no predictive power in the volume for the price variability but that the number of trades scales proportionally to the squared volatility. This scaling relation will be the starting point of our discussion. Building on the aforementioned ideas numerous other studies followed, e.g. \[[@CR2], [@CR20]\]. In particular, let us point out the contribution by Wyart et al. \[[@CR31]\], who argue that the price volatility per trade, i.e., (price) $\documentclass[12pt]{minimal}
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                \begin{document}$$^{-1/2}$$\end{document}$, is proportional to the bid-ask-spread. This connection can be seen as a somewhat refined version of the relation proposed by Jones et al. \[[@CR16]\].

More recently, general relations between financial quantities have been derived based on the invariance of markets' microstructure, see Kyle and Obizhaeva \[[@CR18]\]. In particular, the authors postulate a *trading invariance principle* which (in contrast to the above relations) is formulated on the latent level of *meta-orders*.[1](#Fn1){ref-type="fn"} Andersen et al. \[[@CR3]\] and Benzaquen et al. \[[@CR6]\] confirm empirically that an analogue of this invariance principle holds true for intradaily observable quantities. The fundamental relation may then be formulated as follows: the nominal value of the exchanged risk during a period of time, defined as the product (volatility) $\documentclass[12pt]{minimal}
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                \begin{document}$$\times $$\end{document}$ (price), is proportional to the number of trades to the power 3 / 2. This so called *intraday trading invariance principle* and its connection to the relations proposed by Jones et al. \[[@CR16]\] and Wyart et al. \[[@CR31]\] is the focus of the present paper.

Our aim is to critically analyze these three relations as well as variants thereof by applying a method well known from physics: dimensional analysis. It is a tool which allows for the *falsification* of a proposed relation, e.g. of the above mentioned formulas for the number of trades, but not for its *verification*. This principle is similar in spirit to K. Popper's approach to epistemology which in turn is inspired by the classical theory of statistics: There one can possibly reject a null hypothesis, but never prove it. Similarly, dimensional analysis can only isolate those functional relations between variables involving certain "dimensions" which do not violate the obvious scaling invariance of these dimensions. Hence, it a priori rules out those functional relations which are in conflict with these scaling requirements. But this does *not* imply that the identified functional relations, which are in accordance with the scaling requirements, describe the reality in a reasonable way. This has to be confirmed by other methods. In the present setting the ultimate challenge is, of course, to fit to empirical data. To complete the picture, we perform an empirical analysis of the relations described above and show that the *intraday trading invariance principle* provides an appropriate fit to empirical data, but fails to be a "universal law".

In dimensional analysis one uses the rather obvious argument that a meaningful relation between quantities involving some "dimensions" should not be affected by the units in which these "dimensions" are measured. In the present context the relevant "dimensions" are time, shares, and money, denoted as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {U}$$\end{document}$, respectively. We shall also use an additional argument, namely "leverage neutrality" as introduced by Kyle and Obizhaeva \[[@CR19]\]. We emphasize that these authors were the first to combine the concepts of "leverage neutrality" and dimensional analysis. The assumption of leverage neutrality is based on the Modigliani--Miller theorem (see \[[@CR24]\]) and leads to a scaling invariance principle which, mathematically speaking, is perfectly analogous to the dimensional scaling requirements mentioned above.

The remainder of the paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"}, we first deduce the proportionality between the number of trades and the price variability as proposed by Jones et al. \[[@CR16]\] from dimensional arguments. Next, we derive the more involved scaling relations proposed by Benzaquen et al. \[[@CR6]\] as well as Wyart et al. \[[@CR31]\], again using dimensional analysis, and discuss the assumption of leverage neutrality in this context. Having a theoretical foundation for the discussed relations, we then turn to the empirical analysis in Sect. [3](#Sec3){ref-type="sec"}: Based on data from the NASDAQ stock market, we show that the relation proposed by Benzaquen et al. \[[@CR6]\] fits the data rather well. In Sect. [4](#Sec8){ref-type="sec"}, we take a closer look at volatility and analyze implications of different time scalings thereof. We conclude with some empirical results in this respect. A reminder on the Pi-theorem from dimensional analysis as well as proofs for all considered relations can be found in the Appendix.

The trading invariance principle {#Sec2}
================================
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                \begin{document}$$\begin{aligned}{}[\sigma ^2] = \mathbb {T}^{-1}. \end{aligned}$$\end{document}$$If the price process $\documentclass[12pt]{minimal}
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                \begin{document}$$(P_t)_{t\ge 0}$$\end{document}$ follows, e.g. the Black--Scholes model, see ([24](#Equ24){ref-type=""}), we clearly find the above scaling $\documentclass[12pt]{minimal}
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                \begin{document}$$[\sigma ^2]=\mathbb {T}^{-1}$$\end{document}$ and shall retain this assumption in most of the paper. However, the scaling of $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2$$\end{document}$ turns out to be more subtle than it seems at first glance. In Sect. [4](#Sec8){ref-type="sec"} below, we shall investigate the implications of a scaling relation $\documentclass[12pt]{minimal}
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                \begin{document}$$H \in (0,1)$$\end{document}$ may be different from 1 / 2. For instance, such a scaling may result from price processes based on a fractional Brownian motion $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H \in (0,1)$$\end{document}$, see \[[@CR23]\].

Based on these identified dimensions, let us turn to the basic idea of dimensional analysis: the validity of a considered relation should not depend on whether we measure time $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {U}$$\end{document}$ in Euros or in Euro-cents.

Definition 1 {#FPar1}
------------

*(Dimensional invariance).* A function $\documentclass[12pt]{minimal}
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                \begin{document}$$h:\mathbb {R}^n_+ \rightarrow \mathbb {R}_+$$\end{document}$ relating the quantity of interest *U* to the explanatory variables $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} U=h(W_1,\dots ,W_n), \end{aligned}$$\end{document}$$is called *dimensionally invariant* if it is invariant under rescaling the involved dimensions (in our case $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {U}$$\end{document}$).

As a first---and rather naive---approach we analyze the assumption that the three variables $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2,P$$\end{document}$ and *Vfully* explain the number of trades *N*.

Proposition 1 {#FPar2}
-------------

Assume that the number of trades *N* depends *only* on the three quantities $\documentclass[12pt]{minimal}
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                \begin{document}$$g:\mathbb {R}_+^3\rightarrow \mathbb {R}_+$$\end{document}$ is *dimensionally invariant*. Then, there is a constant $\documentclass[12pt]{minimal}
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The proof relies on elementary linear algebra and is given in Appendix [B](#Sec12){ref-type="sec"} below (compare also the proof of Theorem 1 below which is similar). Recall that relation ([2](#Equ2){ref-type=""}) goes back to Jones et al. \[[@CR16]\].

As mentioned in the introduction, one should read the present "dimensional" argument in favor of relation ([2](#Equ2){ref-type=""}) as a pure "if$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {U}$$\end{document}$ are satisfied, **then** ([2](#Equ2){ref-type=""}) is the only possible relation. As we shall see below, the empirical data does not reconfirm the validity of ([2](#Equ2){ref-type=""}). In other words, we have to turn the above statement upside down: as ([2](#Equ2){ref-type=""}) is not reconfirmed by empirical data, the variables $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2,P$$\end{document}$ and *V* cannot fully explain the quantity *N*. It is therefore natural to introduce more/other quantities in order to explain the number of trades *N*.

Regarding the uniqueness of the function *g* in ([1](#Equ1){ref-type=""}), the mathematical reason for the unique choice of *g* given by ([2](#Equ2){ref-type=""}) is that we have three scaling relations (pertaining to the invariance of the "dimensions" $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2, P$$\end{document}$ and *V*. This leads to three linear equations in three unknowns, yielding a unique solution.

Let us now try to go beyond the scope of relation ([1](#Equ1){ref-type=""}) by considering further explanatory variables. Motivated by Wyart et al. \[[@CR31]\], we consider the following quantity as relevant for the number of trades *N* in a given interval $\documentclass[12pt]{minimal}
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                \begin{document}$$Q=Q_t^{t+T}$$\end{document}$, is 500 shares, we obtain that the average cost per trade $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Hence, in order to obtain such a crisp result as in ([2](#Equ2){ref-type=""}), an additional "dimensional invariance" is required. Kyle and Obizhaeva \[[@CR19]\] found a remedy: a no-arbitrage type argument, referred to as "leverage neutrality".[2](#Fn2){ref-type="fn"} This concept is inspired by the findings of Modigliani and Miller \[[@CR24]\] (compare \[[@CR26]\]): Consider a stock of a company, and suppose that the company changes its capital structure by paying dividends or by raising new capital. The Modigliani--Miller theorem tells us precisely which features of the company are *not affected* by a change in the capital structure. This allows us to establish how certain quantities behave when varying the leverage in terms of the relation between debt and equity of a company.
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Leverage Neutrality Assumption {#FPar3}
------------------------------

(\[[@CR19], [@CR26]\]). Scaling the Modigliani--Miller "dimension" $\documentclass[12pt]{minimal}
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Definition 2 {#FPar4}
------------

*(Leverage neutrality).* A function $\documentclass[12pt]{minimal}
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We can now derive the following relation, which is the focus of the present paper. It relies on the basic fact that under the "Leverage Neutrality Assumption" we now find four linear equations in order to determine four unknowns. Note that Benzaquen et al. \[[@CR6]\] coined this relation the "3/2-law".

Theorem 1 {#FPar5}
---------
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Table 1A labelled overview of the dimensions of the quantities $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P, V, \sigma ^2$$\end{document}$ and *C*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^2$$\end{document}$*PVCN*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {S}$$\end{document}$0$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-$$\end{document}$1100$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {U}$$\end{document}$01010$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {T}$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-$$\end{document}$10$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-$$\end{document}$10$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-$$\end{document}$1$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {M}$$\end{document}$2$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-$$\end{document}$1000

The proof follows from the general Pi-theorem reviewed in Appendix [A](#Sec11){ref-type="sec"}. For the convenience of the reader, we also present a direct proof of Theorem [1](#FPar5){ref-type="sec"}. Although slightly longish and repetitive, we hope that it helps the intuition.

Proof of Theorem 1 {#FPar6}
------------------

First, we make the following *ansatz* for the function *g* in ([5](#Equ5){ref-type=""}):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g(\sigma ^2,P,V,C) = c\cdot (\sigma ^2)^{y_1}P^{y_2}V^{y_3}C^{y_4}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c>0$$\end{document}$ is a constant and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_1,\dots ,y_4$$\end{document}$ are unknown real numbers. Looking at the first row of Table [1](#Tab1){ref-type="table"} yields the relation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -y_2 + y_3 = 0. \end{aligned}$$\end{document}$$Indeed, when passing from counting shares in packages of 100 units rather than in single units, the number *P* is replaced by 100*P* while the number *V* is replaced by *V* / 100. Since the function *g* in ([7](#Equ7){ref-type=""}) is assumed to be dimensionally invariant, *g* should remain unchanged by this passage, i.e.,$$\documentclass[12pt]{minimal}
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We still have to show the uniqueness of ([6](#Equ6){ref-type=""}). To do so, it is convenient to pass to logarithmic coordinates: suppose that there is a function $\documentclass[12pt]{minimal}
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Corollary 2 {#FPar7}
-----------
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The proof is analogous to (and even easier than) the above proof. Note that Proposition [1](#FPar2){ref-type="sec"} and Corollary [2](#FPar7){ref-type="sec"} both only rely on the very convincing invariance assumption with respect to $\documentclass[12pt]{minimal}
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Anticipating that relation ([14](#Equ14){ref-type=""}) gives a superior fit to empirical data than relation ([2](#Equ2){ref-type=""}) we can draw the following conclusion: the choice of $\documentclass[12pt]{minimal}
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Here is a "dimensional argument" why we should expect a better result from Corollary [2](#FPar7){ref-type="sec"} as compared to Proposition [1](#FPar2){ref-type="sec"}. It follows from the very approach of dimensional analysis that everything hinges on the assumption that the chosen explanatory variables indeed "fully explain" the dependent variable. Of course, in reality such an assumption will---at best---only be approximately satisfied. The art of the game is to find a combination of explanatory variables which "best" explain the resulting variable. The choice of the variables $\documentclass[12pt]{minimal}
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Finally, we examine the implications of substituting the cost per trade *C* by its more common counterpart, the bid-ask spread *S*, introduced above. In fact, in the present context it is equivalent to use either *C* or *S* as explanatory variables for the number of trades *N*---provided that the traded volume *V* is already one of the explanatory variables. Indeed, we have the relation $\documentclass[12pt]{minimal}
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Corollary 3 {#FPar8}
-----------
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                \begin{document}$$\sigma _B^2 = \sigma ^2 P^2$$\end{document}$ the two equations ([6](#Equ6){ref-type=""}) and ([16](#Equ16){ref-type=""}) are indeed equivalent.

Relation ([16](#Equ16){ref-type=""}) is precisely the one proposed by Wyart et al. \[[@CR31]\]. By rearranging the terms, we find that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S^2 = c^2 \cdot \frac{\sigma _B^2}{N}. \end{aligned}$$\end{document}$$The interpretation is that the squared Bachelier volatility per trade is proportional to the square of the spread. If we elaborate further on ([17](#Equ17){ref-type=""}), we find that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{S}{P} = c \cdot \frac{\sigma }{\sqrt{N}}. \end{aligned}$$\end{document}$$Without loss of generality, we can determine the price *P* on the left hand side of ([18](#Equ18){ref-type=""}) as midquote price, i.e., the average of the best ask- and bid price. Then, *S* / *P* refers to the so called proportional bid-ask spread which can be used to approximate a dealer's "round trip" transaction costs. Clearly, the approximate round-trip costs increase in the volatility of a relative price change and decrease in the trading activity.

Summing up this section, we have seen that the relation $\documentclass[12pt]{minimal}
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                \begin{document}$$N \sim \sigma ^2$$\end{document}$ proposed by Jones et al. \[[@CR16]\] follows from the restrictive assumption that the number of trades *Nonly* depends on the quantities $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2, P$$\end{document}$ and *V* as well as dimensional arguments (see Proposition [1](#FPar2){ref-type="sec"}). Going beyond the latter relation, it seems reasonable to include information concerning the bid-ask spread in our analysis. Depending on whether we choose the trading cost *C* or the bid-ask spread *S* directly, we are led to either the 3/2-law $\documentclass[12pt]{minimal}
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                \begin{document}$$S \sim \sigma _B/\sqrt{N}$$\end{document}$ proposed by Wyart et al. \[[@CR31]\] (see Corollary [3](#FPar8){ref-type="sec"}). When proving the two latter relations we have seen that the assumption of leverage neutrality comes into play. Alternatively, we can also consider the product $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2$$\end{document}$ and *P* separately. This consideration of the "Bachelier volatility" $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _B = \sigma P$$\end{document}$ reduces the complexity of the problem inasmuch as the assumption of leverage neutrality is not needed anymore. Again, the *actual* validity of any of the above scaling laws should be confirmed by exhaustive empirical analysis.

Empirical evidence {#Sec3}
==================

Degrees of universality and relevant literature {#Sec4}
-----------------------------------------------

We now turn to the empirical analysis of relation ([2](#Equ2){ref-type=""}) as well as of the 3 / 2-law ([6](#Equ6){ref-type=""}). When collecting data for the quantities *N*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma ^2$$\end{document}$, *V*, *P* and *C*, one has to specify the considered asset and the considered time period as well as the length *T* of the time interval over which the data is aggregated. We cannot expect that the constant *c* appearing in relations ([2](#Equ2){ref-type=""}) resp. ([6](#Equ6){ref-type=""}) is the same for each considered interval *and* each possible interval length *and* each considered asset in either one of the relations. We can only hope that a given relation holds *on average*. Based on the nomenclature introduced in Benzaquen et al. \[[@CR6]\], we therefore distinguish the following three degrees of universality attached to the validity of relations ([2](#Equ2){ref-type=""}) and ([6](#Equ6){ref-type=""}):*No universality* The relation holds on average for a fixed asset and a fixed interval length. However, the constant *c* varies significantly for different assets and different interval lengths.*Weak universality* The relation holds on average for some assets and some interval lengths with similar values from the constant *c*.*Strong universality* The relation holds on average for all assets and all interval lengths with similar values from the constant *c*.Note that this distinction does not allow for the possibility that the validity attached to a given relation changes over time, simply because we consider only one specific time period.

Let us shortly discuss the relevant empirical evidence which can be found in the literature before turning to our own empirical analysis. Andersen et al. \[[@CR3]\] conducted an important empirical study in the present context. They test the relation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} I = \frac{\sigma P V}{N^{3/2}}, \end{aligned}$$\end{document}$$where *I* is independently and identically distributed across assets and time for E-mini S&P 500 futures contract. Neglecting the price *P*, they show that relation $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{3/2} \sim V \sigma $$\end{document}$ holds when averaging within and across trading days for this particular asset. In fact, their data fits the latter relation nearly perfectly compared to the relations $\documentclass[12pt]{minimal}
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                \begin{document}$$N\sim \sigma ^2$$\end{document}$ proposed by Tauchen and Pitts \[[@CR30]\] resp. Jones et al. \[[@CR16]\]. Benzaquen et al. \[[@CR6]\] address the same question by examining eleven additional futures contracts as well as 300 US stocks. Aiming to confirm that $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{\beta } \sim \sigma P V$$\end{document}$, they estimate $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ for each considered stock individually. They find that $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\beta } = 1.54\,\pm \,0.11$$\end{document}$, where the uncertainty here is the root mean square cross-sectional dispersion. Thus, these authors note that this provides evidence that the relation $\documentclass[12pt]{minimal}
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                \begin{document}$$N^{3/2} \sim \sigma P V $$\end{document}$ holds also on the stock market and not only on the very liquid futures market. Moreover, they show that the distribution of *I* in ([19](#Equ19){ref-type=""}) depends significantly on the studied asset and thus, conclude that relation ([19](#Equ19){ref-type=""}) holds only with weak universality. As an additional contribution, the authors reveal that the inclusion of the trading cost *C* is beneficial in the sense that their proposed invariant $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {I} = \sigma P V C^{-1} N^{-3/2}$$\end{document}$ is almost constant for different assets.

Finally, let us mention the evidence in the earlier work by Wyart et al. \[[@CR31]\]. These authors show that relation ([17](#Equ17){ref-type=""}) describes the data very well when the right level of aggregation is chosen. When examining the France Telecom stock, *S* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _B/\sqrt{N}$$\end{document}$ are averaged over two trading days, while in case of NYSE stocks these quantities are averaged over an entire year. The constant *c* in relation ([17](#Equ17){ref-type=""}) is found to lie between 1.2 and 1.6. Moreover, the authors note that the typical intraday pattern of the considered quantities is in line with ([17](#Equ17){ref-type=""}): The U-shaped pattern of the volatility $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _B$$\end{document}$ is explained by the decline of the bid-ask spread *S* and an increase of the number of trades *N* within the trading day.

Description of data {#Sec5}
-------------------

Our empirical analysis is based on limit order book data provided by the LOBSTER database (https://lobsterdata.com). The considered sampling period begins on January 2, 2015 and ends on August 31, 2015, leaving 167 trading days. Among all NASDAQ stocks, $\documentclass[12pt]{minimal}
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                \begin{document}$$d=128$$\end{document}$ sufficiently liquid stocks with high market capitalizations are chosen. Stocks are considered to be "sufficiently liquid" as long as the aggregated variables (defined below) can be reasonably treated as continuously distributed, i.e., the empirical distributions of the aggregated variables do not have points with obviously concentrated mass. Observations made during the thirty minutes after the opening of the exchange as well as trading halts are removed.
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                \begin{document}$$T\in \{30, 60, 120, 180, 360\}$$\end{document}$ min for which a developed hypothesis is tested. For the sake of illustration, set the length of the considered time interval *T* to 60min. This interval length balances the tradeoff between sufficient aggregation of the data on the one hand and some intraday variability on the other hand. As a result, we are left with $\documentclass[12pt]{minimal}
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                \begin{document}$$i \in \lbrace 1,\dots ,d \rbrace $$\end{document}$ (omitting the index *i* for ease of notation in the remainder of Sect. [3.2](#Sec5){ref-type="sec"}) and let $\documentclass[12pt]{minimal}
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                \begin{document}$$j\in \lbrace 1,\dots ,n\rbrace $$\end{document}$ refer to an arbitrary interval. Suppose the trades in the considered interval *j* arrive at irregularly spaced transaction times $\documentclass[12pt]{minimal}
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                \begin{document}$$N_j$$\end{document}$ denotes the number of trades in the interval *j*,$\documentclass[12pt]{minimal}
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                \begin{document}$$= N_j^{-1} \sum _{k=1}^{N_j} Q_{t_k}$$\end{document}$ denotes the average size of the trades in the interval *j*, where $\documentclass[12pt]{minimal}
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                \begin{document}$$= N_j \times Q_j$$\end{document}$ is the traded volume in the interval *j*,$\documentclass[12pt]{minimal}
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                \begin{document}$$= N_j^{-1} \sum _{k=1}^{N_j} P_{t_k}$$\end{document}$ denotes the average midquote price in the interval *j*, where $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{t_k}$$\end{document}$) denotes the best ask (resp. bid) price after the transaction at time $\documentclass[12pt]{minimal}
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                \begin{document}$$= N_j^{-1} \sum _{k=1}^{N_j} S_{t_k}$$\end{document}$ denotes the average bid-ask spread in the interval *j*, where $\documentclass[12pt]{minimal}
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                \begin{document}$$=Q_j\times S_j$$\end{document}$ is the cost per trade in the interval *j*.Note the following four details: Firstly, even though transaction times are recorded on a nano-second level, a time-stamp $\documentclass[12pt]{minimal}
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Regarding the robustness of this insight, we have re-conducted the above regression analysis for two slightly different scenarios. One alternative setting considers replacing the realized variance in the linear model ([22](#Equ22){ref-type=""}) by the market microstructure noise robust estimator of the quadratic variation of \[[@CR15]\]. The dashed graphs in Fig. [2](#Fig2){ref-type="fig"} are related to density estimates relying on corresponding parameter estimates $\documentclass[12pt]{minimal}
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On the universality of the 3/2-law {#Sec7}
----------------------------------
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A closer look on volatility {#Sec8}
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But let us have a closer look at what we are actually doing here. The above reasoning tacitly assumes that we are starting from a *stochastic model* of a price process. The present situation, however, dictates a different point of view: we start from empirical tick data observed during the interval $\documentclass[12pt]{minimal}
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However, we can also think of other estimators. Fix $\documentclass[12pt]{minimal}
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Here is another example where a sub-diffusive behavior of the price process $\documentclass[12pt]{minimal}
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This observation indicates, that if the interval length *T* is small compared to the width of the price grid, i.e., the tick value, we observe a sub-diffusive behavior of the price process even if the "efficient", unobserved price process is assumed to be a diffusion. We refer to Robert and Rosenbaum \[[@CR28]\] for a detailed discussion of how to account for the discrete nature of prices. For now, this rough argument should only serve as motivation that there might be plenty of reasons why the scaling $\documentclass[12pt]{minimal}
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Proposition 2 {#FPar9}
-------------
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The proof is analogous to the proof of Theorem [1](#FPar5){ref-type="sec"} and is given in Appendix [B](#Sec12){ref-type="sec"}.
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Empirical evidence under the *H*-Assumption {#Sec9}
-------------------------------------------
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When referring to market microstructure effects, however, it deserves to be stressed that the value $\documentclass[12pt]{minimal}
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Conclusion {#Sec10}
==========
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Dimensional analysis and the Pi-Theorem {#Sec11}
=======================================

In order to formally prove the results of Sects. [2](#Sec2){ref-type="sec"} and [4](#Sec8){ref-type="sec"}, which in done in Appendix [B](#Sec12){ref-type="sec"}, we need the Pi-Theorem from dimensional analysis. For completeness, we therefore provide the following reminder of this important theorem from dimensional analysis, which can also be found in \[[@CR26]\]. Additionally, the interested reader is referred to Chapter 1 of the book by Bluman and Kumei \[[@CR8]\] as well as to Pobedrya and Georgievskii \[[@CR25]\] for a historical perspective and to \[[@CR11]\] for a purely mathematical treatment of dimensional analysis. We formalize the assumptions behind dimensional analysis in proper generality. However, for the purpose of the present paper we shall only need the degree of generality covered by Corollaries [5](#FPar12){ref-type="sec"} and [6](#FPar13){ref-type="sec"} below.

Assumption 1 {#FPar10}
------------
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We can now state the main result from dimensional analysis (see \[[@CR8]\]).

Theorem 4 {#FPar11}
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(Pi-Theorem). Under Assumption [1](#FPar10){ref-type="sec"}, let $\documentclass[12pt]{minimal}
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We shall only need the special cases $\documentclass[12pt]{minimal}
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Corollary 5 {#FPar12}
-----------
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Corollary 6 {#FPar13}
-----------
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Proofs of Sects. [2](#Sec2){ref-type="sec"} and [4](#Sec8){ref-type="sec"} {#Sec12}
==========================================================================

In this section, we provide formal arguments for the results presented in Sects. [2](#Sec2){ref-type="sec"} and [4](#Sec8){ref-type="sec"}. The proofs are based on Corollaries [5](#FPar12){ref-type="sec"} and [6](#FPar13){ref-type="sec"} above.

Proof of Proposition 1 {#FPar14}
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Proof of Relation (4) {#FPar15}
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Proof of Theorem 1 {#FPar16}
------------------

Combining the dimensions of the quantities considered in relation ([5](#Equ5){ref-type=""}) and the "Leverage Neutrality Assumption", we obtain that the matrix *B* as well as the vector *a* are given by$$\documentclass[12pt]{minimal}
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Proof of Corollary 2 {#FPar17}
--------------------

Considering the dimensions of the quantities $\documentclass[12pt]{minimal}
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Proof of Corollary 3 {#FPar18}
--------------------

As explained before the statement of Corollary [3](#FPar8){ref-type="sec"}, the conditions ([5](#Equ5){ref-type=""}) and ([15](#Equ15){ref-type=""}) are equivalent. Thus, it holds$$\documentclass[12pt]{minimal}
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Proof of Proposition 2 {#FPar19}
----------------------

The proof is the same as that of Theorem [1](#FPar5){ref-type="sec"} except that in the present case the matrices *B* and *a* are given by$$\documentclass[12pt]{minimal}
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Integer part of Brownian motion {#Sec13}
===============================

With the notation from Sect. [4](#Sec8){ref-type="sec"}, we want to show that as $\documentclass[12pt]{minimal}
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To present the idea in its simplest possible form, note that for fixed $\documentclass[12pt]{minimal}
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To furnish a more precise result, we make---contrary to our usual assumption $\documentclass[12pt]{minimal}
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Proposition 3 {#FPar20}
-------------
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A meta-order, also referred to as *bet*, is a collection of trades originating from the same trading decision of a single investor.

Note that Kyle and Obizhaeva \[[@CR19]\] use the argument of leverage neutrality in the context of market impact. But, of course, the same idea applies in the present situation.

The coefficient of variation defined as the ratio of the standard deviation to the sample average could be employed as an alternative to the Gini-coefficient. The presented results are widely robust with respect to the chosen measure of standardized dispersion.
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